We study a positive solution of the semipositone Sturm-Liouville boundary value problem in which the nonlinear term has no numerical lower bound. By considering the integration of certain limit growth functions and applying the Krasnosel'skii fixed point theorem on a cone, an existence theorem is proved, and a classical existence result is extended by this theorem.
(P λ ) (p(t)u (t)) + λf (t, u(t)) = 0, 0 < t < 1, au(0) − bp(0)u (0) = 0, cu (1) + dp (1) Here, u * is called positive solution of the problem (P λ ) if u * is a solution of (P λ ) and u * (t) > 0, 0 < t < 1. The problem (P λ ) can model many phenomena in physics and engineering. The models can be found in the nonlinear diffusion theory generated by nonlinear sources and the thermal ignition theory of gases (see [1, 2] ). The existence of positive solutions of (P λ ) has received a lot of attention in the literature; we refer the reader to [3] [4] [5] [6] and the references therein. In these papers, the problem (P λ In 1996, Anuradha et al. [3] proved the following existence theorem of a positive solution for the semipositone problem (P λ ).
Theorem 1.
Assume that there exist M ≥ 0 and 0 < α < β < 1 such that
Then problem (P λ ) has at least one positive solution u * ∈ C [0, 1] for sufficiently small λ.
In the literature concerned with various semipositone problems, Theorem 1 is a classical and exemplary result.
Theorem 1 shows that the problem (P λ ) has one positive solution for sufficiently small λ provided the uniform growth limit lim u→+∞ min α≤t≤β f (t, u)/u = +∞. However, the uniformity with respect to t ∈ [α, β] is a more stern condition.
Many functions do not satisfy the condition.
In this paper we will extend Theorem 1 in the following three aspects. (1) Abandon uniformity with respect to t in the limit lim u→+∞ min α≤t≤β f (t, u)/u. (2) Allow that the nonlinear term f (t, u) is singular at t = 0, t = 1. (3) Allow that f (t, u) has no numerical lower bound.
By considering the integration of certain limit growth function, we will establish the following existence theorem. = +∞, the problem (P λ ) has one positive solution u * for sufficiently small λ by Theorem 2. But, for any 0 < α < β < 1,
Theorem 2. Assume that
The existence conclusion cannot be derived from Theorem 1.
The main tools of this paper are the Hammerstein integral equation and the Krasnosel'skii fixed point theorem on a cone (see [7] ). Moreover, we will use the Lebesgue dominated convergence theorem and the Fatou lemma in order to exchange the order of integration and limit (see [8] ). 
Lemma 4 (Krasnoselskii
Then F has a fixed point in Ω 2 \ Ω 1 . 
From [3] , the Green function G(t, s) has the following exact expression
Then q(t) > 0, 0 < t < 1. It is easy to check that K is a cone of nonnegative functions in C [0, 1]. Here, the set K is called a cone in C [0, 1] if the following conditions are satisfied:
Write Ω(r) = {u ∈ K : u < r}, ∂Ω(r) = {u ∈ K : u = r}. In addition, let [µ] ♠ = max{µ, 0} and w 0 (t) = λ 1 0
G(t, s)h(s)ds.
Let u ∈ K . Define the operator T as follows
Step I. We prove the inequality
.
Step II. We prove that T : K → K is completely continuous.
(t).
Let r 1 = sup n u n + w 0 + 1. By the assumption (b2), there exists a nonnegative function j r 1 
By the Lebesgue dominated convergence theorem, we get that
Let V ⊂ K be a bounded set and r 2 = sup{ u :
Thus,
This shows that T (V ) ⊂ C [0, 1] is bounded. By
Step I, for any u ∈ V ,
On the other hand, by Lemma 2.1 in [3] , one has
Using the inequalities we get that, for 0 ≤ t ≤ 1,
= Tu q(t).
It follows that T : K → K .
Step III. We prove that, ifū ∈ K is a fixed point of the operator T and ū > λM, then u * =ū − w 0 is a positive solution of the problem (P λ ), where M = sup 0<t<1 1 0
G(t,s)h(s)ds q(t)
Firstly, one has G(t, s)
h(t)dt < +∞. Secondly, by the expression of M, w 0 (t) ≤ λMq(t), 0 ≤ t ≤ 1. Sinceū ∈ K and ū > λM, one has, for 0 < t < 1,
Since the fixed point equation is equivalent to the boundary value problem (p(t)(u * ) (t)) + λf (t, u * (t)) = 0, 0 < t < 1,
we assert that u * ∈ C [0, 1] is a positive solution of the problem (P λ ).
Step IV. We prove that the operator T has one fixed pointū ∈ K and ū > λM for sufficiently small λ.
It follows that
By the Fatou lemma, one has lim inf Here, σ = min α≤t≤β q(t), B = min α≤t,s≤β G(t, s). By the inequality, we obtain that Since 0 < λ < λ * , one has λM < 1. Since r 4 > r 3 ≥ 1 > λM, one has [u(t) − w 0 (t)] ♠ = u(t) − w 0 (t), 0 ≤ t ≤ 1.
It follows that
Tu ≥ λ max 
By
Step II and Lemma 4, the operator T has a fixed pointū ∈ K and r 3 ≤ ū ≤ r 4 . So, ū ≥ 1 > λM. 
